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ON PROJECTABLE OBJECTS ON FIBRED MANIFOLDS

VASILE CRUCEANU, MARCELA POPESCU AND PAUL POPESCU

ABSTRACT. The aim of this paper is to study the projectableand N-projectable
objects (tensors, derivations and linear connections) on the total space E of
a fibred manifold £, where N is a normalization of &.

In this paper we study the projectable and N-projectable objects (tensors,
derivations and linear connections) on the total space E of a fibred manifold £ =
(E,m, M), where N is a normalization of . Also, with this occasion, we extend,
complete and unify certain notions and results concerning the vector bundles and
fibred manifolds, presented in the papers quoted in the enclosed references.

1. DEFINITIONS AND NOTATIONS

A fibred manifold is a triplet £ = (E, 7, M), where E and M are differentiable
manifolds which are connected and paracompact and m : E — M is a surjective
submersion. We say that FE is the total space, M is the base manifold and w
is the canonical projection of the fibred manifold £&. In the sequel we identify
the fibred manifold with the total space E. All manifolds, maps and objects
are assumed to be C* differentiable. For every z € M, the sets E, = 7 1(x)
are closed submanifolds of E, which are assumed to be connected, too. Let us
denote by m the dimension of M and by n the dimension of E,, (V)x € M.
We consider on E and M differentiable atlases which are adapted to the fibred
structures, i.e. in each point z € E there is a chart (V,v) with ¢(2) = (2, y%),
(i,5,k,...=1,m, a,b,c,...= 1,n) and in x = 7(2) € M, a chart (U, ) so that
U = 7(V) and o(x) = (2%). The pairs of natural bases associated to the local

_ : 0
charts on M and on E are (9;,d*) and (0;, 0,; d*, d*) respectively, where &, = pyes
x
o . .
O0u = oy d* = dz',d* = dy®. The change rules of the adapted charts is given by
the following equations:
(1) xi — JJi (Ii)7ya — ya (Ii,ya)'
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Therefore, the natural bases on M and on E have the following change rules:

il ./ il
81_:61 8¢/,dl _ Oz dt,

ox? , Ozt
6 7 6 a 6 a
(2) 81 = g;;i 81'/ + ayxi 8(1/ 5 8(1/ = 6;‘1/ 8(1;
i _ oxt i a9y i 9y® ga
' =0l v = Y Y

Thus, the coordinates of the vectors X = X°0; € T, M and A = A*0; + A%0, €
T, FE have the following change rules:
VY, Vv S R
3 X' =—X" A" = —A" A® = — A* A%
(3) Oxt 7 Oxt Ox? + Oy®
and the coordinates of the co-vectors w = w;d® € T M and a = a;d* +a,d* € TYE
have the following change rules:
or’ or’ oy ay“
4 i = Wi, Qi = 0+ 0, Qgr =
4) @ gz @ N y®
If we consider V.E = ker T, 7 for every z = (z,y) € E, then we obtain the
vertical distribution, therefore the vertical subbundle of TE, denoted by V E.
This distribution is tangent to the vertical foliation. If we consider the quotient
bundle WE = TE/VE, then we obtain the following vector bundles on F exact
sequence:

(5) 0->VELTELWE —0,

where ¢ and p are the canonical injection and the canonical projection respectively.

We have for VE and for WE the local bases (9,) and (9; = p(9;)) respectively.
If we put, for every z € E, VIE = {a € T¥E | a(A) = 0, (V)A € V,E}, we
obtain a subbundle of T*FE called the orthogonal dual of VE. If we consider
W-LE = T*E/VLE then we obtain a new exact sequence of vector bundles over
E:
(6) 0=VELT'ELWLE -0,
where j and g are the canonical injection and the canonical projection respectively.
For V1 E and W+ E we have the local bases (d') and (d® = q(d®)) respectively. If
the change rule of the local coordinates is given by (1), then we have the following
change rule for the local bases (0;) and (d®):

A ozt ~ 5, 8ya/ N

7 Oy = —0;, d* = d®.
@ ox? oy

It follows that (WE)* and (VE)* are canonically isomorphic with V+E and
WL E respectively. In a similar way W E and (WE)* are canonically isomorphic
with 77TM and 7#=1T*M respectively.

A distinguished tensor field (or d-tensor) of type (Z ") on the total space E of the
fibred manifold ¢ is a section in the vector bundle *WE®" VE®IVIE®*WLE
on the base E. The local expression of a d-tensor field T of type (z ") is:

8ya/

Qg .

(8) T:T'_L.l“-ipay.-aréil®,,.®8a1®,,.®dj1®_..®Czbl®_“®czbs'

Jijgbi--bs
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Let F(M) be the ring of the real functions, 7P (M) be the F(M)-module of tensor
fields of type (p, ) and T (M) the two-graded F(M)-algebra of tensor fields on
M. We denote as 7, , and 7 (E) the F(E)-module of d-tensor fields of type *7)
and the four-graded F(E)-algebra of d-tensor fields on E respectively. Four one-
graded algebras and six two-graded algebras are more important subalgebras of
T (E), namely the subalgebras generated by the d-tensor fields of type ( ) (8 8)

G 6: (D). G 6o (o) (D (s N Among ihese we
remark two subalgebras:

e The subalgebra of 7(E) of two-graded d-tensors of type (2 o) @r €N,
which consists of sections E — & VE ®7 VLE. We call such sections as vertical-

horizontal or semi-basic tensor fields.
e The subalgebra of 7 (E) of two-graded d-tensors of type <Z ). psq € N, which

consists of sections F — &@PWE ®? VL E. The local coordinates of these sections
follow the same change rule as the local coordinates of tensors of type (p,q) on M.

The d-lift (or WVl—lz'ft) of the tensor field ¢ € 7P(M), given in local coordinates

by t = ;11 ?’8 S @d ® - ® dl, is the d-tensor field t¢ € 72:8(15) given
locally by

d i1ty A A j iq
9) =t ) omdy ® - ®0;, @A @@ d.

Notice that the d-lift is an F(M)-linear application of ZP(M) in ng(E)

The W -lift of a tensor field t € 77 (M) = TP(M)ist? € TO 8( E) and the V*-lift
of a tensor field t € ) (M) = T,(M) is t* € 72:8( E).

A wertical vector field is a section in the vector bundle VE. A vertical vector
field has a local form A = A%(z?, y*)d,. Since the vertical distribution is integrable,
for every A, B € VT'(E) = Tyo(E), we have [A, B] € VT'(E). Thus VT (E) is
an F(FE)-submodule and a Lie F(M)-subalgebra of 71(E).

A horizontal 1-form on E is a section in the vector bundle V*E. It has the
local expression a = a;(z7,y%)d* and a(A) = 0, for every vertical vector field A.

The horizontal lift of an 1-form w € 71(M) is the 1-form on E given by_wh =
T*m (w) . If w(z) = wi(2?)d’, then w"(x) = w;(2’)d’. Particularly (d*)" = d.

2. INDUCED DERIVATIONS AND DERIVATION LAWS IN THE ALGEBRA OF
D-TENSOR FIELDS

Generally, if D is a derivation in the algebra 7 (FE), then it does not induce a
derivation in algebra 7 (F), since it does not respect always the graduation.

Let D be a derivation on 7 (E) which has the local expression
D(z') = D', D(y*)=D",

(10) D(9;) = D50y + D50., D (8y) = Dyoy + D, .

Proposition 2.1. A derivation D in algebra T (E) induces a derivation in algebra
T(E) iff it satisfies one of the following equivalent conditions:
1. in the local expression (10), D¥ = 0;
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2. D carries every vertical vector field in a vertical vector field;
3. poDoi=0.

Proof. Indeed, the four components of 7(FE) must be invariant by D, particu-
larly the component of the type ({ ;). Conversely, if the vector subbundle V E is
invariant by D, then its dual orthogonal is also invariant, since

Da(A) =D (a(A)) —a(DA), a € TI(E), Ac T'(E).

Defining DA = DA and Da = Z/DE, we obtain two derivations denoted as _f) on
W E and on W E respectively and consequently a derivation D in algebra 7 (E).
The conditions 2) and 3) are obviously equivalent to 1). O

Let now D be a linear connection on E. Taking into account that Dy is a
derivation in the algebra 7 (E) for every A € T*(FE), and that the local expression
of D in local coordinates is
(11) Dy, 0; = If,0k + T§;0c, Do, 0; = Tk 0k 4 L0,

Daﬁb e Ffbak + Ffbac, DoaOp = Fabak + ngac

from Proposition 2.1, we obtain:

Proposition 2.2. A linear connection D on E induces a derivation law in the
four graded algebra T (E) iff it satisfies one of the following equivalent conditions:
1. using local coordinates, we have T =0, T%, = 0;
2. DAB € VTY(E) for every A€ T (E) and B € VT (E);
3. poDaoi=0, (V) AeT"(E).

3. PROJECTABLE OBJECTS ON THE TOTAL SPACE FE

A function f € F(E) is called projectable if there is a function f € F(M) so
that f = for.

Using local adapted coordinates (z%,y®), it follows that a projectable function
depends only on the coordinates (2%). Since the set F(E) of projectable functions
is endowed with a real subalgebra structure of F(F), it is isomorphic with the real
algebra F(M).

A vector field A € T(E) is called projectable if for every projectable function
f, the function A(f) is projectable.

Proposition 3.1. A vector field A € T(E) is projectable iff it satisfies one of
the following equivalent conditions:

1. in the local expression A = A'0; + A%Q,, the functions A® are projectable;
2. there is X € TY(M) so that Tn(A) = X;
3. for every B® € VTL(E) it follows that [A, B*] € VT Y(E).

Notice that condition 3) is equivalent with p(Lp.A) = 0, (V)B” € VT1(E),
where Lpo is the Lie derivation with respect of BY. It follows that the set P!(E)
of projectable fields is a submodule of 7*(E) over F(M), it has VT!(E) as a
submodule over F(M) and it is a Lie subalgebra of 7*(FE) which has V7(FE) as
an ideal.
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A differential 1-form a € 7;(FE) is called projectable if for every projectable
vector field A the function «(A) is projectable.

Proposition 3.2. A differential 1-form « € T1(E) is projectable iff it satisfies
one of the following equivalent conditions:

1. in the local expression a = a;d' + a,d®, the functions o; are projectable and
ag, = 0;

2. there is a differential 1-form w € Ty(M) so that a = T*w(w);

3. da(A,B°) =0, (V)A€ PY(E), B* € VTY(E), a € THE).

A tensor field T € T*(E), u,v > 0, is projectable if for every projectable 1-forms
a1, ...,a, and projectable vector fields Ay, ..., A,, the function T'(aq, ... .,
Ay, ..., A,) is projectable.

Using Propositions 3.1 and 3.2, the following result holds:

Proposition 3.3. A tensor field T € T*(E), u,v > 0, is projectable iff it satisfies
one of the following equivalent conditions:

1. in the local expression T =T 7" "0 @0, @ d' @ d"® - ®
J1-Jqbibs 1 ] .
d’, p+r =wu, g+s = v, the local functions 7?11;3 are projectable and
i1y _ i ().
lel"‘jv—lbv =0,..., Tblln-bv =0;
2. there is a tensor field t € T,*(M) such that

(12) T(oq,...,ozu,Al,... 7Av) :t(wl,... ,wu,Xl,... 7)(71))071',

(V)wl S /Tl(M), Xj S Tl(M), o; € Pl(E), Aj c Pl(E), so that o; = T*w;
and Tm(Aj) =X;,i=1,...,u,j=1,...,v.

Particularly, a tensor field T' € 7;*(F) is projectable iff the local components
Tt are projectable.
As immediate properties of projectable tensor fields we can state:

Proposition 3.4. The set P(E) of projectable tensor fields on E is a subalgebra
of T(E) over F(M). The map which associate with every projectable tensor field
T € P(E) its projection t € T(M) is an F(M)-morphism of algebras; restricted
to PY(E), it takes values in T*(M) and it is a Lie algebra morphism.

A derivation D of algebra Der T (FE) is called projectable if for every projectable
vector field A € PY(E), the vector field DA is also projectable.

Proposition 3.5. A derivation D of algebra Der T (E) is projectable iff it satisfies
one of the following equivalent conditions:

1. in the local expression of D, the functions D' and D;-“ are projectable and
D =0;
2. there is a deriwation D € Der T (M) so that

Trn(DA) = DX
(V)AePY(E) and X€TY(M) which satisfies the condition Tm(A)=X .
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Remarks.

1. According to Proposition 2.1, a projectable derivation induces a derivation
in algebra 7 (E).

2. The set of projectable derivations is an F (M )-submodule and a real Lie
subalgebra of Der 7 (E), homomorphic with the Lie algebra Der 7 (M).

3. The Lie derivation L4 is projectable iff A is projectable.

4. The derivation defined by a tensor S € 7'(E) is projectable iff S is pro-
jectable.

A linear connection D on FE is called projectable if for every projectable vector
field A the derivation D = D, is projectable.

Proposition 3.6. A linear connection D on E is projectable iff it satisfies one of
the following equivalent conditions:
1. the local functions F;k are projectable and F’;j =Tk =Tk =0;
2. for every projectable vector fields A, B € P'(E), the vector field DaB is also
projectable; B
3. there is a connection D on M (called the projected connection) so that

(13) T (DaB) = DrrayTn(B), (V) A, B € PY(E).

Remark. According to Proposition 2.2, a projectable connection induces a deriva-
tion law in the four graded algebra 7 (E).

Proposition 3.7. The torsion T of a projectable connection D on E is a pro-
jectable tensor field and its projection on M is the torsion T of the projected
connection D:

(14) T (T (A, B)) =T (Tx(A),Tx(B)) , (V) A, B € P'(E).

Since the bracket of two projectable vector fields on E is also a projectable
vector field, the following result holds:

Proposition 3.8. The curvature R of a projectable connection D on E is a pro-
jectable tensor field and its projection on M s the curvature R of the projected
connection D:

Tn(R(A,B)C) =R (Tn(A),Tn(B)) Tx(C),

(15) (¥)A, B,C ¢ PL(E).

Remark. The set of projectable linear connections on F is an affine F(M)-
submodule [4] of the module of linear connections on E, which is homomorphic
with the F(M)-module of linear connections on M.

4. NORMALIZATIONS OF THE VERTICAL FOLIATION

Since the total space E has a vertical foliation V E, we can consider for its
study a normalization of this foliation, i.e. a distribution HE on E which is
supplementary to V E. The distribution HE is called the horizontal distribution.
We denote also by HE the horizontal subbundle. A such normalization can be
defined by a right or a left splitting of the exact sequences (5) or (6).
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A right splitting of the exact sequence (5) is a map N : WE — TFE which
satisfies the conditions that N is an E-morphism of vector bundles and p o N =
Iwg. Denoting as HE = N(WE), it is a subbundle of T E which is supplementary
to V E, thus we obtain a normalization on E with HE the suitable horizontal
bundle. In local coordinates, we can consider

(16) 51-:N(31-):81-—Nf8a,i:l,...,n,

which is a local basis (d;) of the sections of HE. The change rule when the local
coordinates change is:

0!
- Ox?

It follows that the change rule for the coefficients {N?(z,y)} of the normaliza-
tion is:

(18) P <N“8y % )

(17) 5

.
0;, 1,0 =1,...,n.

T o\ dyr Ol

Conversely, if we assume that on the domain of every local chart on E, adapted
to the fibred structure on E, the local functions NP (z,y) are given, such that the
change rule (18) on the intersection of two domains holds, then the map N given
by relation (16) is a normalization of E. The normalization N gives an embedding
of WE in TE and a decomposition of TE in the direct Whitney sum

(19) TE=HE®VE.

Denoting as H and V the horizontal and vertical projectors and as F' the almost
product structure canonically associated with the normalization, we have:

(20) H=Nop, V=Ip—H, F=H-V.

Locally, for a vector field A = A%9; + A%0, on E, from (16) we obtain:

(21) A = A6+ (A" +NA) O, HA= A'S; = A'0; — N A0, ,
VA = (A“+NfAY)0,.

A horizontal vector field on E with respect to the normalization N is a section
of the horizontal subbundle. Locally, a horizontal vector field has the form A =
Ai(x,y)d;. The relations (16) and (21) imply that A € 71(E) is projectable iff HA
is projectable. As for A = A%(x)d; its projection is X = A’9;, it follows that the
restriction of T'w to the F(M)-module HP!(E) of horizontal projectable vector
fields is an F(M)-isomorphism.

The horizontal lift of the vector field X € T1(M) is the horizontal projectable
vector field A which projects on X. We denote A = X*. Using local coordinates,
if X = X'9;, then X" = X*(z)6;. )

A left splitting of the exact sequence (5) is a map N : TE' — V E which satisfies
the conditions that NV is a morphism of vector bundles over the base E and N o7 =
IvEg.
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Proposition 4.1. If N is a normalization on E given by a right splitting of the
exact sequence (5), then the formula N(A), = (VA),, (V)A € TY(E) defines a left
splitting of the exact sequence (5). Locally, it means:

(22) N (&) =—Nfdy, N(@) =08u,i=1,...,m,a=1,...,n.

A right splitting of the exact sequence (6) is a map N+ : WL E — T*E which
satisfies the conditions that N1 is a morphism of vector bundles over the base E
and QONJ‘ = IWLE'

Proposition 4.2. If N is a normalization on E given by a right splitting of the
exact sequence (5), then the formula

(23) Nt (©) (N (X)) =0, (V)€ X (WLE) , X € X (WE)

defines a right splitting of the exact sequence (6).

We denote as HLE = N+ (WLE). Notice that it is a subbundle of T*E, sup-
plementary to V+E and which is the orthogonal dual of HE. In local coordinates,
the formula
(24) 5“:Nl(da):da+N5di,a:1,...,n,

defines a local base (6%) on H+E, which on the intersection of the domains of two
charts change according the rule:

’

’ _ 8ya
= 3
The normalization N+ gives a direct sum decomposition of T*E as:

(26) T*"E=V'E® H'E.

a

(25) 5

Denoting as V+, H* the vertical and horizontal projectors respectively and as
F* the almost product structure defined by the normalization N+ on T*E, we
obtain:

(27) H*=Ntoq, Vt=Ipp—HY Fr=H*-V*+.

A wertical 1-form on E is a section of H+E. A vertical 1-form has a local
expression « = ag(x,y)0* and every horizontal vector field belongs to its kernel.

Remark. The normalization N can be defined by one of the tensor fields V', H, F’
or V-, H+, F' providing suitable conditions, or by the condition that for every

5 0 0

function f € F(E) the local functions —f = f. — Nf—f be the coordinates of
oxt Ozt oy

a d-field of co-vectors (or a d-1-form).

Proposition 4.3. If N is a normalization on E, then the formula
(28) N* (o), = (Ha)., (V) a e T (E)
defines a left splitting of the exact sequence (6).
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Using a local coordinates, we have:
(29) Nt (d)=d', N*(d*)=-Ngd'.

Notice that it is easy to see that any one of the four splittings N, N, N+, N+
gives uniquely the other three and thus it defines a normalization on E.

From the above remarks it results that the following systems of local sections
(8;,0,) and (d*,6%),i=1,...,m,a =1,...,n are local dual bases adapted to the
normalization N and to the adapted coordinates on E' and M. In the sequel we
call these bases as natural N -adapted bases.

Using a normalization N and natural local N-adapted bases, the study of fibred
manifolds may be considerably improved. The structure equation of the normal-
ization N are:

[05,0;] = — (6iNF — 6;NF) Oc, [6:,00) = OpNOe, [Dar D] =0,
(30) d(d) =0, d(6)(6;,8;) = ;N — §;Ng,
d (6%) (6;,0y) = —OpN&, d(6%)(0p,0.) =0.

Considering the Nijenhuis tensors Ny, Ny and Np of H, Vand F respectively
we obtain:

Ny (X", Y") =V [X"Y"], Ny (X", B") =0,

(31) Ny (A%, BY) =0, Ny = Ny, Np = 4Ny .

Using local coordinates we have:
Ny (8;,8;) =V [0:,8;] = — (6;N§ — 0;N{) 8, Np (6:,05) = 0, Np (0a,05) =0.
It follows the result:

Proposition 4.4. The horizontal distribution associated to the normalization N
is integrable iff Ng = 0.

Coming back to the normalization N on E, in the case of vector bundles [7, 11]
the tensor field 2 = — Ny is called the curvature tensor of the nonlinear connection
N, since in the case when N is defined by a linear connection on M, it involves
in its expression the curvature tensor of the linear connection and it vanishes
simultaneously with the curvature. It was used in the paper [3] in the study of
the curvature of an infinitesimal connection on a principal bundle. The equations
(31) implies the useful relation:

(32) (X" Y"] = [X,Y)" - (x"v")
and thus the following result holds:

Proposition 4.5. The horizontal lift h : T*(M) — T*(E) is a morphism of Lie
algebras iff Q = 0.
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5. N-DECOMPOSABLE TENSOR FIELDS

An N-decomposable tensor field (or N-tensor) of type (Z ") on the total space
E, according to the normalization N, is a section in the vector bundle:
(33) ®@’HE®" VE®!V'E®F HE.

Using local coordinates and local N-adapted bases, a such N-tensor has the

local expression:

(34) j’-,(z) T’Ll ’Lplll ar( )611® ®8a1 d]1®6b1®®5b9

Ji---Jgba--

We denote as 7P (E, N) and 7(E, N) the F(E)-module of N-decomposable
tensor fields of type (¥7) and the corresponding four-graded F(E)-algebra. Con-
sidering a tensor field T e TP/ (E,N) as a multi-linear map T : T,(E)P*" x
TY(E)?* — F(E), we obtain:

Proposition 5.1. A tensor field T € T"}! (E) is N-decomposable of type (’q’ ") iff

qt+s
(35) T=To ((HY) x (V1) x HIx V*) Jic
(O(l,. ﬂ1;~-~7 ,...7Y1,...):T(Hl0zl,...7Vl61,...7HX1,...,VY1,...).

Every tensor field T' € 7. (FE) can be decomposed as a sum of 2“7 tensor fields
N-decomposable of type (Z ") with p+7 = uw and ¢ + s = v and thus for every
u,v € N we have:

(36) 1E)= &  I/(E,N),
p+r=u
g+s=v

thus the two-graded algebra 7 (FE) can be replaced by the four-graded algebra
T(E,N).

Given a normalization N on E, the N-lift with respect to N of a d-tensor field
T of type (Z ") given by relation (8) is the N-decomposable tensor field T which
have the same type, given by relation (34), where

(37) ~’i1...ipa1.,.ar il...ipal...ar

Jredabrobs — Ljiadgbibs

The N-lift is an F(E)-isomorphism of the tensor algebras 7 (E) and 7 (E, N).

Notice that there are some distinguished subalgebras of 7 (E, N), which are very
important ones:

The one-graded subalgebras generated by the N-tensor fields of types (g 8),

(8 6), (2 8) and ( S) respectively; where p,q,7,s € N;

The two-graded subalgebras generated by the N-tensor fields of types (’q’ )

(o) (50) and (§7);

The two-graded contravariant subalgebra, generated by the N-tensor fields

of types (g 6) and the two-graded covariant subalgebra, generated by the

N-tensor fields of types (0 O)
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We can give suitable names to these subalgebras. For example, the subalgebra
generated by N-decomposable tensor fields of type (’q’ 8) can be called the horizontal

subalgebra. A horizontal N-tensor field has the local form T} "/"6;, ®- - - §;, @d/* @
---®@d’%. For an arbitrary tensor T' € 7P (FE), the tensor HT =T o (H-)? x H? €
HTP(E,N) is called the horizontal projection of T

Given a normalization N on E, the N-horizontal lift of a tensor field t € 7P(M)

is the tensor field t* € HTP(E, N) given by
(38) t" (w’f,... ,wZ,X{’,... 7Xh) =t(w,...,wp, X1,...,Xq)0om,

q
(V)wl S /Tl(M), Xj S Tl(M)
An immediate consequence of the above Definition is:

Proposition 5.2. The N-horizontal lift h : T(M) — HT(E,N) is an F(M)-
morphism of two-graded tensor algebras and h = N o d.

6. DERIVATIONS AND DERIVATION LAWS IN THE ALGEBRA OF
N-DECOMPOSABLE TENSOR FIELDS

Let N be a normalization on E and D = (Dy, D1) be a derivation in the tensor
algebra of F, given in local N-adapted bases by:
Dy (xl) =D', Do (y*) = D*,

(39) Dy (6;) = Doy, + D50., Dy (dy) = Doy + Do

Given a normalization N on E, an N -horizontal derivation is a derivation on F
which preserves the horizontal distribution (i.e. it sends a horizontal vector field
in a horizontal vector field).

Proposition 6.1. A derivation D is horizontal iff it satisfies one of the following

equivalent conditions:
(1) Using the local form (39) one has D} =0; (2) VoD o H = 0.

Proof. If the derivation D is horizontal then D;-’ = 0. The condition D;-’ =0
implies that V o D o H = 0, and it implies to its turn that the derivation D is
horizontal. O

It is easy to see that an N-horizontal derivation D, restricted to the horizontal
bundle HE by the conditions:

Dy = Dy, D1 (5;) = D5y,
defines a derivation D on HE.

Remark. An N-horizontal derivation D induces also a derivation in the vector
subbundle H* E and thus a derivation in the subalgebra of N-tensors of type (2 ?),
p,s € N.

Considering H and V as endomorphisms of the tensor algebra 7 (F), we obtain:

Proposition 6.2. If D is a derwation on E, then the formula D=HoDoH
defines by restriction a derivation D on HE.
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In fact we have D(fA) = Ho Do H(fA) = H(D(f - HA)) = H(Df - HA +
f-DHA)=Df -HA+ fDA for every A € T'(E), i.e. we have an Otsuki quasi-
deriwation on E. When restricted to HE we obtain a derivation on HF, since in
this case D(fA) = Df - A+ fDA, (Y)A € HTY(E).

The horizontal lift of a derivation D on the base manifold M is the derivation
D" on HE given by

(40) Dy = (Do)", Df(X")=(DiX)",

where (Dy)" is the N-horizontal lift of the vector field Dy € T1(M). Using local
coordinates, if we denote as D(z') = D' and D(9;) = D}k, one has:

(41)
Dg («') = D' (x) , Dg(y*) = —NiD'(x), D} (9;)=Df(x)0.

Given a normalization N on E, an N -vertical derivation is a derivation on F
which preserves the vertical distribution.
In the same manner as Proposition 6.1, we can prove:

Proposition 6.3. A derivation D is N -vertical iff it satisfies one of the following
equivalent conditions:
(1) Using the local form (39) one has Dk =0; (2) Ho DoV = 0.

Remark. The N-vertical derivation D induces also, by restriction, a derivation
in the vertical subbundle V E. It induces a derivation in the subbundle V' E and
so a derivation in the subalgebra of N-tensors of type (2 g), q,r € N, i.e. the
semi-basic tensors.

Proposition 6.4. If D is a derivation on E, then the formula D=VoDoV
defines, by restriction, a derivation on VE.

A derivation on F is N-decomposable (or N -derivation) if it preserves the alge-
bra of N-decomposable tensor fields.

Proposition 6.5. A derivation D on E is an N -derivation iff it satisfies one of
the following equivalent conditions: (1) Using the local form (39) one has D = 0,
DF = 0; (2) DH = 0; (3) DV = 0; (4) DF = 0; (5) D is in the same time
an N-horizontal and an N -vertical derivation; (6) D induces, by restriction, the

derivations D on HE and D on VE respectively, such that:
(42) Dy=Dy=Dy, Di=DioH+DioV.

Proof. From (39) it follows that Dd* = —D}d? — Dj6*, Dé* = —Dgd? — D6°.
Since D preserves the four-graded algebra 7 (E,N) of N-decomposable tensor
fields, it preserves the tensors of type (37), (04), (10) and (§9) respectively, thus
it satisfies condition 1). Conversely, if D satisfies the condition 1), then using
the local form of a N-decomposable tensor field, it follows that D preserves the

algebra T (FE, N). The other conditions are obviously equivalent with 1). O
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Proposition 6.6. If D is a derivation on M and D" is a derivation in the vertical
subbundle VE, such that D} = D, then the formulas:
. . h
Do =D =D8, DiX'= (DlX) ., D1AY = DVAY,
VX e TY(M),A* e VTY(E),

define an N -derivation on E.

(43)

Proposition 6.7. If D is a derivation on E and F is the almost product structure
associated with the normalization N, then the formula

_ 1
(44) D:§(D—|—FODOF)
defines an N -decomposable derivation on E.

Proof. It is easy to see that D° = F o D o F' is also a derivation on F, called in
[4] as the conjugate derivation of D with respect with F'. By a direct computation
one get to DF = 0. It can be easy proved that:

(45) D=HoDoH+VoDoV=DoH+DoV,

where D and D are the derivations induced by D on HE and V E respectively.
Then one use 6) of Proposition 6.5. O

The derivation given by one of the relations (44) or (45) is called the N-
derivation associated with D.

Proposition 6.8. The set of N -derivations in algebra T (E) is given by the deriva-
tions D which have the form:

(46) D =op (B)+QF(7) ,

where ZO) is an arbitrary, but otherwise fized derivation of the algebra T(E), T is
an arbitrary tensor field from TH(E), and ®r, Qr are operators in DerT (E) and
TL(E) respectively, defined by the formulas:

(47) (I)F(D):%(D—FFODOF), QF(T)Z%(T—FFOTOF).

Proof. Let D and D be two derivations in algebra 7 (E). If we put D = D + 7,
it follows that 7 € 77! (E). Then we have DF = DF — 2F o Q*(7), where * is the
operator on T (E) given by Q*(7) = 3(r—ForoF). Thusif DF = 0, then DF =0
iff Q*(7) = 0. So, in order to get to an arbitrary D it suffices to consider an N-
derivation and an arbitrary tensor field 7 € ker (2*. In conclusion, in order to obtain

[e]
all the N-derivations on F we consider an arbitrary derivation D on E, we fix it and
[e] [e] [e]
we consider also its associated N-derivation D = % (D +Fo D oF) = dp (D)

Since © and Q* are supplementary projectors on 7 (E) (as it can be easy proved),
we have ker Q* = im$ and thus 7 € kerQ iff there is 7 € 7}(E) such that
7 = Q(7"). Thus omitting the accent for 7 we obtain for an arbitrary derivation
on E the general form (46). O
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Consider now a normalization N and a connection D on E. In local coordinates
which are N-adapted, we denote:

Ds,0; = Tf;0k + T5;0c, Do, d; =Tk 6 + 15,0,

(48) . A
D(;i&b = I‘ibék + Ffbac, Daaab = Fab5k + ngac.

Let us take as derivation D = Dy, with A € T1(E).
Given a normalization N, an N -horizontal connection D on E is a linear con-
nection on E which preserves by parallelism the horizontal distribution.

Proposition 6.9. A linear connection D on E is an N-horizontal connection iff
it satisfies one of the following equivalent conditions:

1. using the local expressions (48), we have I'j; = 0, 'y, = 0;
2. VoDaoH =0, (V)A€ TYE).

An N-horizontal connection induces, by restriction, a linear connectionD on the
horizontal subbundle. It induces also a linear connection in the vector subbundle
H'E and thus a derivation law in the subalgebra of N-tensor fields of type (g g),
with p, s € N. Using local coordinates, we have:

Ds,0; =TF;0k, Da,d; =Tk 0,

(49) Dy, 00 = ~TL.6°, Dy.o® = —1%.5°.

Given a normalization N, the N-horizontal lift of a linear connection V on the
base manifold M is the connection V" on the horizontal vector subbundle HE,
given by:

Vi, Y= (V) ViLYR =0

(50) X, Y e TH(M), AYe VTl(:E) 7-

Using local coordinates, adapted to the normalization N, V” has the form:
(51) V5.0; =T5(x)0,, V5.6;=0.

Proposition 6.10. If D is a linear connection on E, then the formula
Dy = HoDyoH defines, by restriction, a linear connection on HE.

In fact (H,D) is an Otsuki quasi-connection on E, since for A, B € T!(E) and
f € F(E) we have Ds(fB) = A(f) - HB + fDaB.

Given a normalization N on E, an N -vertical connection D on E is a linear
connection on E which preserves by parallelism the vertical distribution.

Proposition 6.11. A linear connection D on E is an N -vertical connection iff it
satisfies one of the following equivalent conditions:

1. using the local expressions (48), we have I' =0, T'*, = 0;
2. HoDpoV =0, (V)A€ TYE).

An N-vertical connection induces, by restriction, a linear connection D on the
vertical subbundle. It induces also a linear connection in the vector subbundle
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VLE, thus a derivation law in the subalgebra of N-tensors of type (2 g), q, 7 € N.
Using local coordinates, we have:

Déi Op = Ff_bac y Daa Oy = cmzbac )

(52) Ds.di = —T9,d* | Dy, di — —T7, d*.

According to [13], a linear R-connection (or a Wong quasi-connection) on the
not.

vertical bundle VE is amap D : I'(VE) x I'(VE) — I'(VE), D(A,B) =" DYB,
which enjoys the properties that it is F(FE)-linear in the first argument, additive
in the second argument and D4 (fB) = A(f)- B+ f- DaB, (V)A,B € T(VE),
f € F(E). Since restricted to each leaf of the vertical foliation it induces a linear
connection on that leaf, we call an R-linear connection on V E as a connection on
E along the vertical leaves.

If N is a normalization on the fibred manifold E, the N -vertical lift of a linear
connection D along the vertical leaves (given locally by DY s, = I'¢,(x,y)sc) is
the linear connection DV on the vertical subbundle V E, given by:

DY%,B" = [X",B] , D4 B" = DaB",

V)X eT M), A", B* e VTHE).

Using N-adapted local coordinates, DV has the form:
(54) D§ 0y = OyN;{O., Dy 0p =150, .

(53)

Proposition 6.12. If D s a connection on E, then the formula
Dy=VoDyoV defines, by restriction, a linear connection on VE.

A linear connection D on E is called N-decomposable (or N-connection) if it
induces a derivation law in algebra 7 (F, N) of N-decomposable tensor fields.

Proposition 6.13. A linear connection D on E is N-decomposable iff it satisfies
one of the following equivalent conditions: (1) Using the local form (48) one has
I, =0, ¢ =0, % =0; T% = 0; (2) DH = 0; (3) DV = 0; (4) DF = 0;
(5) D is in the same time an N-horizontal and an N -vertical connection; (6)
There are the lfivneaT connections D on HE and D on VE respectively, such that:
D= 51 oH + 5 [¢] V

Proposition 6.14. Consider a fibred manifold E, V a linear connection on the
base M and D a linear connection on E along the vertical leaves.
Then the formulas:

Dn Y = (VxY)" | DypYh =0,
DynB® = [X", B'], DavB® = D4, B
V)X,Y € TH(M), A", B® € VTY(E), defines an N -connection on E, which we
call the N-lift or the diagonal lift of the pair (V, D).

(55)

Proposition 6.15. If D is a linear connection on E, then the formula

(56) Da=5(DatFoDyoF), (V)AeT(B),
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defines an N -connection on E and the following formula also holds:

(57) Dy=HoDsoH+VoDsoV=DsoH~+DyoV,
(V)AeTHE).

We call D the N-connection associated with D.
Taking D = D4 in Proposition 6.8 we obtain:

Proposition 6.16. The set of N-connections (or N-decomposable connections)
on E s given by the linear connections D which have the form:

(58) D=br (D) + 9 (7),

where ]O) is an arbitrary, but otherwise fized linear connection on E, T is an ar-
bitrary tensor field from T,H(E) and ®r, Qp are operators defined on the set of
linear connections on E and on T} (E) respectively, by the formulas:

Pp(D)y=5(Da+FoDaoF), Qp(1)y=5(Ta+FoTaoF),
WA e T (E).

1
(59) 2
Remark. See [4] concerning the geometrical structure of the set of connections
and the simple method which follows it in order to determine the set of connec-
tions which are compatible with an almost product structure and thus with the
normalization N.

If D is an N-connection on F, thus it satisfies the condition DF' = 0, then, using
local coordinates and local N- adapted bases, we have the following formula:

(60)
Ds,6; =Tk, Do,0j =Th6k, Ds,0p =T5,0., Do, 0 =TL50..

Remark. An N-connection on a fibred manifold is called a linear d- connection
in [12].

Using adapted coordinates and N-adapted bases the local functions {H-“j, F’;j,
I'$,, T'¢,} change according the formulas:

’

oxd" oz~ , , oz’ 9%zt

’
’

(61) D@ ") 507 g = D@ ) 5 — 55aar
’ v 7 8,11;‘]/ 8yc/ . 8ya/ 53ya/

62 Fa/ ’ v d I == Fa v d —_ T

(62) G (@Y )8xﬂ e Gy )8ya 527 0y

i’ i’ a 8yb/ 9z i (o0 . a oz’

(63) i (T, )8—be =e(a’sy )%

(64) A L M VL.
b'c! Y 8yb 8:(/6 — +be Y 8ya 8yb8yc,

(see [12], using different notations).
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In [12] are also given the structure equations of the linear N-connection D,
using the local N-adapted bases {dz*, dy®}. So, consider:

(65) Wp = p + 0, pp = Thpda?, 0h = Tj0y°

(66) ot =l + 0, pl=T9.dal, 08 =T5.61".
The curvature forms involved by the structure equations of D, are: {R,, R, P,
P S,i, Se}, where R = % Jldxj/\da: R® = ledxﬂ/\da: P} = Rj,dxi Aoy,

= Cjbdxﬂ/\dy Si = 1Ri, 504" A6y and Sa = $R%s6y® Ady’. Notice that all
these local forms have a change rule as tensors on the intersection of two charts.

Proposition 6.17. [12] Using N-adapted bases, the structure equations of the
linear N -connection D have the form:

L+ Pi4 St=d (uh, + 0;) + (1 +62) A (;ﬂﬁ@i)
RY + Pf+ 82 = d (¢ +02) + (g +05) A (g +02) -
We deal now with the problem to find uniquely a linear N-connection from
some suitable conditions.

If we impose the supplementary condition T o (H x V) = 0, where T is the
torsion field of D, then we obtain:

(67) Ik =0, LY, =0,Nf

and the coefficients Fk and I'¢; remain to be determined.. In order to determine
the coeflicients Ff] we can give a linear connection V on the base M and then
take its horizontal lift V", thus I'f; = T'¥;(x). Or we can take a metric g on M, its
Levi Civita linear connection V and the horizontal lift V*. In order to determine
the coefficients I'}, we can take a linear connection on I along the vertical leaves,
or the corresponding Levi-Civita R-connection of a metric 4¥ on the fibers of the
vertical bundle.

Proposition 6.18. Consider a fibred manifold E with a normalization N, a linear

connection V on the base M and a linear connection I on E along the leaves

of the vertical subbundle. Then the diagonal lift of the pair (V, D) is the unique

linear N -connection D on E which satisfies the conditions:

DxnY" = (VxY)" DawB’ = D4.B’, HoDavoV =0,
VoDxroH=0,To(HxV)=0,

(V)X,Y € T (M), A, B € VT(E).

In fact, from here it follows that Dav X" = 0, Dx» BY = [X", BY] and all the
conditions (55) are satisfied.

According to [12] we say that the fibred manifold F, with the canonical pro-
jection 7, has a wertical induced bundle, if there is a vector bundle Fy which has
the same base M as F, such that the vertical vector bundle V E of E is isomor-
phic with the induced vector bundle 7* Fy. A remarkable example of a such fibred

(68)
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manifold is Osck (M), the osculator bundle of order k of a manifold M (see [10]).
Notice that a tensor of type (1,2) on Fp defines uniquely a linear connection along
the vertical leaves.

Proposition 6.19. Consider a fibred manifold E with a vertical induced bundle,
where VE = 7n*Fy and V a linear connection on the base M. Then there is a
unique linear N -connection on E which satisfies the conditions:

DxnYh = (VxY)', DyoB?* =0, HoDyooV =0,
VoDxnoH=0,To(HxV)=0,

V)X, Y e TY(M), A", B* € VTY(E).
It follows from here D40 X" = 0, Dx» BY = [X", B¥] and also DF = 0.

(69)

Remark. In the case when F is a vector bundle the N-connection given by the
above proposition gives the Berwald connection when it is restricted to V E.

Taking a metric on M and a metric on the fibers of the vertical bundle, one
get:

Proposition 6.20. Given a normalization N on a fibred manifold E, a metric
g on M and a metric v on the fibers of the vertical bundle V E, then there is a
unique N -connection D on E which satisfies the conditions:

Dyn Y = (V4Y)" | DaoB* =D B , HoDav oV =0,
VoDxnoH=0,To(HxV)=0,

V)X,Y € THM), A", B® € VTY(E), where VY is the Levi-Civita connection on
M and V7" is the Levi-Civita R-connection on the fibers of V E respectively.

(70)

In fact from here it follows D0 X" = 0, Dxr BY = [X", BY], then DF = 0. We
have also Dgh =0, HoT o (Hx H) =0,D7* =0,V oTo (V xV)=0.

Remarks. 1. Using the notations in Proposition 6.20, then G = g" ++" (where
g" is the horizontal lift of g) is a metric on F, which generalizes the Sasaki metric
and has the local form:

(71) G = gij(x)d' @ & + yap(w,y)0" @ 8.
We also have:
(72)

DxnG (Y", Z") = (V%g) Y, Z) o, DxnG (Y",B¥) =0,

DxnG (BY,C%) = Lxny’ (BY,C%), Da.G (Y", 2Z2") =0,

DaeG (Y",C") =0, DavG (B, C") = (V1) (BY,C") = 0.
2. The Levi-Civita connection of an R-connection is obtained using the same

formula as for the Levi-Civita connection on the tangent bundle, but using on the

vertical bundle the new bracket (which is the restriction on the vertical bundle of
the Lie bracket defined on the tangent bundle) instead of the Lie bracket.

Proposition 6.21. Using the notation from Proposition 6.20, the metric given by
(71) satisfies the condition DG = 0 iff X" is a Killing vector field for the metric
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v, for every X € TH(M). The connection Da = 5 (Da + G~ oDy 0 G) satisfies
the condition DG = 0.

The proof of the second statement can be obtained using [4].

7. N-PROJECTABLE GEOMETRICAL OBJECTS ON FE

Consider now the endomorphism H defined on the tensor algebra of E by:

Hf=f;HA=HA; Ho=«ao H;

(HT) (a1, sy Aryeo oy AY) =T (H (1), ..., H(aw), H(A7),...,H(Ay)),

)f e F(E), A A, e THE), a,a; € Th(E), T € TE).

It is easy to see that the values of the endomorphism H are in the horizontal
algebra. Locally, we have:

H(8)=0;, H(d)=d", H(9,)=0, H(8")=0.

A tensor field T € T*(FE) is N-projectable if the N-horizontal tensor field HT
is projectable.

Since for every vector field A on E we have locally, in N-adapted bases A =
A6 + A?9, and HA = A*(9; — N{0,), we obtain from Proposition 3.1:

Proposition 7.1. A vector field A on E is N -projectable iff it satisfies one of the
following equivalent conditions:

1. A is projectable;

2. using local adapted bases, the local functions A* are projectable;

3. there is a vector field X € T'(M) such that HA = X" (i.e. the associated
horizontal vector field is the horizontal lift of X ).

A differential 1-form o € 7;(E) has locally, in N-adapted bases, the form
a = a;d* + a,6® and have Hoa = oyd*. From Proposition 3.2 it results:

Proposition 7.2. A differential 1-form o € T1(E) is N-projectable iff it satisfies
one of the following equivalent conditions:

1. using local N-adapted bases, the local functions oy are projectable;
2. there is a differential 1-form w € Ty (M) such that Ha = w".

Consider now a tensor field 7' € 7,*(E), which has in local N-adapted bases
the form T = 1?11;:511 ® cee ® 5'Lu ® d]l ® e ® d]v _|_ e _|_ Tl;lllbiuaal ® e ®

Da, ® O @ - @ 6. We obtain HT = T @ - ®6;, @d" @ - ® dI».

Ji---Jov

Replacing 6;, = 0;, — N{* 94, @ = 1,u one obtains: HT = T;f;fja“ R -®

i, ® A" @ - ® dIv — TN Dy, @ Oy @i, ® AN @ ® A 4 e

Ji---Jo

(=DM N - N By @ -+ ©0a, @ d' @---@ d?*. Hence, considering HT

as a tensor on F and using natural local bases (9;, 0a), _(dj, d®), it has as coordinates
(HT)5 e = The, (HT )y = 00 (HT) 0y = 0. It follows that HT
is projectable iff, using local N-adapted bases (&,0.), (d7,d°), the coordinates

T;;;Z of T' are projectable. Thus from Proposition 3.3 we have:
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Proposition 7.3. A tensor field T € TP(E) is N-projectable iff it satisfies one of
the following equivalent conditions:

1. in natural local N-adapted bases, the functions 1}‘11;: are projectable;

2. for all systems {a1,...,ay} and {A1,... Ay} of horizontal projectable dif-
ferentiable 1-forms and horizontal projectable vector fields respectively, the
function T(cu, ..., 0y, A1, ... Ay) is projectable, too;

3. for every vector field AY € VT Y(E) one has (H o La» o H)T = 0;

4. there is a tensor field t € TP (M) such that HT =t

In the proof one uses the definition of the horizontal lift, the fact that the Lie
derivation with respect with a vertical field A satisfies the condition £4»X" =
[AY, X" is a vertical field and £4.w" = 0.

Remarks. 1. A contravariant tensor field T' € 7}(E) is N-projectable iff it is
projectable.

2. A covariant tensor field T' € Z2(E) is N-projectable iff (Lav o H)T = 0,
(V)AY e VTH(E).

A derivation D in the tensor algebra 7 (E) is called N -projectable if for every
projectable horizontal vector field D, the vector field DA is projectable, too.

Taking into account of the local form (39), a) of D, in a natural N-adapted
base, we obtain:

Proposition 7.4. A derivation D in tensor algebra T (E) is N-projectable iff it
satisfies one of the following equivalent conditions:

1. in local N -adapted bases, the functions D' and D} are projectable;

2. for every N -projectable horizontal 1-form « and N -projectable horizontal
vector field A, the function a(DA) is projectable;

3. there is a derwation D in tensor algebra T (M) such that H(DX") = (DX)",
V)X € TH(M).

Remarks. 1. The derivation D = L4, A € T1(E), is N-projectable iff A is
projectable.

2. The derivation i(S) on E, induced by S € 7}}(E), is N-projectable iff S is
N-projectable.

If we consider a linear connection on E and we associate the derivation D = Dy
with every vector field A € 71(E), then we have:

A linear connection D on F is N -projectable if for every projectable horizontal
vector field A the derivation Dy is N-projectable.

Proposition 7.5. A linear connection D on E is N -projectable iff it satisfies one
of the following equivalent conditions:

1. using natural N -adapted local bases, the local coefficients Ifj are projectable;

2. for every N -projectable horizontal vector fields A and B, the wvector field
Dy B is N-projectable;

3. there is a linear connection ¥V on M such that H(Dx»nY") = (VxY)",
(V)X,Y € TY(M).
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Remark. If the linear connection D is N-projectable, then its torsion 7 is N-
projectable and we have (H7T)(X",Y") =#(X,Y)".
Concerning the curvature of an N-projectable linear connection, we have:

Proposition 7.6. If D is an N-projectable linear connection, then the curvature
tensor field R of D is an N -projectable tensor field iff Da(VDpC)—Dg(VDAC)—
Di4,pC is an N-projectable vector field, for every horizontal N -projectable vector
fields A, B,C on E.

Proof. Since R(A, B)C = DaDpC — DpD4C — D4, C, using Propositions 7.5
2) and 7.3 the conclusion follows. O

If A and B are horizontal N-projectable vector fields, then H[A, B] is an hor-
izontal N-projectable vector field and V[A,B] = —Ng (4, B) (= —Q(A,B)). It
follows the following result:

Proposition 7.7. If D is an N-projectable linear connection, then the curvature
tensor field R of D is an N -projectable tensor field iff Da(VDpC)—Dp(VDasC)+
Dqa,)C is an N -projectable vector field, for every horizontal N -projectable vector
fields A, B, C on E.

Remark. If D is an N-projectable linear N-connection, then the curvature ten-
sor field R of D is an N-projectable tensor field iff D4 pC (or, equivalently,
Dqa,p)C) is an N-projectable vector field, for every horizontal N-projectable
vector fields A, B,C on E. Particularly, if = 0 (i.e. the horizontal distribution
HE is integrable), then the curvature tensor field R of an N-projectable linear
N-connection D is an N-projectable tensor field.
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