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A PRODUCT BICOMPLEX STRUCTURE ON THE TOTAL
SPACE OF A VECTOR BUNDLE

BY
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Abstract. One studies an almost product bicomplex structure on the total space of
a vector bundle, obtained by lifting an almost Hermitian structure on the base manifold
and one on the bundle, with the help of a linear connection, defined on the bundle.
Finally, some important particular cases are analysed.
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1. Introduction. An almost product bicomplex (apbc)-structure [2] on
a manifold M is defined by three (1,1)-tensor fields F,.J, J" on M, which
satisfy the conditions

(1.1) Fr=J2=J"=FoJoJ =—I, F+#=+I

It follows that F' is an almost product (ap)-structure and J, J' are almost
complex (ac)-structures, on M, which are connected by the following rela-
tions

(12) FoJ=JoF=J, JoJ =JoJ=-F, JJoF=FolJ =.

A Riemannian apbc-structure on a manifold M is a quadruple (F, J, J', G),
where (F,J,J') is an apbc-structure and G is a Riemannian metric on M,
so that

(1.3) GoFxF=GoJxJ=GoJ xJ =G,
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i.e. G is invariant with respect to the automorphisms F,.J and J’ of T M.
We consider further

(1.4)

G =GolIxF, Q=GolIxJ Q=GolxJ

and we obtain the following table of compatibilities [2].

o F J J

G| GoFxF=G | GodJxJ=G | GoJ xJ =G
GolxF=G | GolxJ=Q GolxJ =0

G |GoFxF=G|GodxJ=G|GoJ xJ =G
GolxF=G | GolIxJ=Q | GoIxJ =Q

Q Qo Fx F=0Q QoJxJ=Q QoJ' xJ =Q
QolIxF=Q" | QolIxJ=-G | QolxJ =-G

Q| Vo FxF=Q | QodxJ=Q | Qo xJ =
QolIxF=Q | QolIxJ=G | QolxJ =-G

From here, we get that to a Riemannian apbc-structure on a manifold
M there are subordinate the following structures:

1) A Riemannian structure (F,G) with the associated pseudo-Riema-
nnian metric G'.

2) An almost symplectic ap-structure (F, Q) with the associated 2-form
Q.

3) Two almost Hermitian structures (J,G) and (J', G) with the associ-
ated 2-forms Q and €' respectively.

4) Two indefinit Hermitian structures (J,G’) and (J',G’) with the as-
sociated 2-forms Q' and Q respectively.

The apbe-structures on a manifold were considered by LIBERMAN [6]
and more recently by BONOME, CASTRO, GARCIA-RIO, HERVELLA and
MATSUSHITA in the joint paper [1] and by CRUCEANU [2].

In this paper, we give an example of an apbc-structure on the total
space of a vector bundle, obtained by lifting an almost Hermitian structure
on the base manifold and one on the bundle, using a linear connection on
the bundle.

2. Definitions and notations. Let { = (E,m, M) be a vector bun-
dle with base manifold M, total space F and projection 7 : £ — M.
Denote by (z%), (y?), (2%, y*) the local coordinates on M, ¢, E respectively
and by (9;,d"), (eq,€?), (0, O, d’,d*), the corresponding dual local bases,
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where 0; = %,di = dz', 0, = a%a,d“ = dy*,i,5,k,=1,2,...,n,a,b,c =
1,2,...,m,n =dim M, m = rank . Denote then by F(M) the ring of real
functions, and by 7, (M), 7] (£) the F(M)-module of (r, s)-tensor fields of
M and &. Next, for each 1-forme « on &, given locally by a(x) = a4(z)e?,
we put ya(z) = aq(z)y?, where z = (2%,9%) € E, and obtain a class of
functions on E, with the property that every vector field on E is uniquely
determined by its values on these functions. The mapping v may be ex-
tended to (1,1)-tensor fields S on &, by putting

(2.1) 7S(ya) = (a0 S), Va e T;(€).

Locally, if S(z) = Sf(z)eq ® €, then vS(z) = S¢(x)y’d, and so 7S is a
vector field on E. Then, let D be a linear connection on &, X a vector field
on M and w a section on £. Setting

(2.2) z"(va) =v(Dxa), u’(ya) =a(u)on, Ya € Ti(€),

one obtain two vector fields on the total space E, called respectively the
horizontal lift of X and the vertical lift of u. One has the useful relations

(2.3) fr=fh=fom (fX)h=frXP (fu)? = fru”,
. [Xh?yh] = [X, Y] - VRng [Xhauv] = (Dxu)’, [u",v"] =0,
where f € F(M), X,Y € TY(M), u,v € T'(¢) and RP is the curvature of
D.

Putting now

(24)  F(XM=X" F@')=-u’, XcT' (M), uecT ),

we obtain an ap-structure on E, whose +1 and —1 eigendistributions (sub-
bundles) are respectively the horizontal distribution HTE, associated to
linear connection D and the vertical distribution VT E of the bundle &.
For f € T/ (M),¢ € T(€) and g € To(M),y € T3(€), we define the
horizontal (h) and wvertical (v) lifts by
(2.5)
X ) FEON, fMut) =05 9"(X") =0, "(u") = p(u)";
oY) = GO0 X = 0 X7 = 9 07) =
YU YR = gt (X" u) = gt (ut, X = 0, 90 (u”,0") = Y (u,0)",
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for each X,Y € TY(M) and u,v € T*(£).
Putting then, for f € 7;1(M) and ¢ € T{1(€),

(2.6) J=frre J=fr—y
are remarking that F' = I%M — I}, we obtain
F2=1 J2=J" = (f")?+(¢")? FoJ=JoF=J,
JoJ =JoJ=(f"?—(p")? JoF=FoJ =1
So, we have

Theorem 2.1. Given a linear connection D on & and two (1.1)-tensor
fields f on M and ¢ on &, the triplet (F,J,J') defined by (2.4) and (2.5)
determines on E an apbe-structure iff f and ¢ are ac-structures on M and
& respectively.

Now, let g and v be (0, 2)-tensor fields on M resp. £ and

(2.7) w=golxf, T=1wolx .
Setting
(2.8) G=g"+¢°, G =¢g"—y", Q= +7 UV =u"—7"

one obtains

GoFxF=G, GGoFxF=@,

QoFxF=Q, QoFxF=(,
GoJxJ=GoJ xJ =(gofx )+ opxe)
GodxJ=GoJ xJ =(gofxf)—@opxp)
QoJxJ=QoJ xJ =wofxfYt+(ropxy)
QoJoJ=QoJ xJ =(wofxft—(ropxe).

(2.9)

Hence we have

Theorem 2.2. Let D be a linear connection on &, f and ¢ (1,1)-
tensor fields on M resp. &, g and ¢ (0,2)-tensor fields on M, resp. & and
w=golXxf,T=1o0lxy. Then, the quadruple (F,J,J',G), given
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by (2.4), (2.6) and (2.7), determines on E a Riemannian apbc-structure,
with the associated metric G' and 2-forms Q, <, iff (f,9) and (p,) are
almost-Hermitian structures on M, resp. £ and w,T are theirs associated
2-forms.

Hence the structures F,.J,J',G,G’,Q,Q satisfy all the conditions of
compatibility from the table (1.5).

3. The integrability of the structures F,.J,J" and Q,Q. For the
Nijenhuis tensor fields of F,.J and J' we obtain
(3.1)
Np(XM Yh) = —4yRE,., Np(X" u?) = Np(u’,v¥) = 0;

Ny (X" Y") = Ny(X,Y)" = y(RPx sy — RRy — ¢ o (Rfxy + RRv)),
Ny (X" u’) = (Dyxp — 9o Dxe)(u)’, Nj(u’,v") = 0;

Ny(X" Y") = Ny(X,Y)" = v(RPx jy — RRy + ¢ o (RPxy + RXv)),
Ny (X" u¥) = (Dixp + p o Dxp)(w)’, Nyp(u’v") = 0.

From here it follows:

Proposition 3.1. 1) The ap-structure F is integrable iff. RP = 0.
2) The ac-structure J is integrable iff

Ny =0, R?XfY — R}y — o (R?XY +R§fY) =0,

(3.2)
Dixg—poDxp=0.

3) The ac-structure J' is integrable iff

Ny =0, Rfxpy — RRy +¢o(Rfxy +REy) =0,
(3.3)
Dixp+@oDxp=0.

4) The ac-structures J and J’ are simultaneously integrable iff
(34) Nf:()’ R]?XfY:R)’%Yv D‘)O:O
5) The apbe-structure (F, J, J') is integrable iff

(3.5) Ny =0, Dp=0, R’ =0.
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For the exterior differential of €2 and €', we obtain

dQUXM Y ZM) = dw(X,Y, Z)Y,

3dQu?, Y, Z") = 7(r(u) 0 RRy),

3dQ(u’,v", Z") = Dy7(u,v)", Dw(u®,v’,w’) = 0;

d (X" Y ZM = dw(X,Y, Z)",

349 (u®, Y, Z) = —(r(u) o RRy ),

3dQ (u¥,v’, Z") = —Dy7(u,v)", D' (u’,v?, w’) = 0.
Hence, it follows from here

Proposition 3.2. The almost symplectic structures Q and Q' are si-
multaneously integrable and namely iff

(3.7) dv=0, Dr=0, RP =0.
From the Propositions 3.1 and 3.2 it results

Theorem 3.1. All the structures F,J, J',Q,Q are integrable iff
(3.8) Ny =0, dou=0, Dp=0, D) =0, RP =0,

i.e. iff the structure (f,g) on M is Kahlerian, the structure (p,1) on & is
covariant constant and the connection D on £ is flat.

In this case we obtains on E:

1) A Riemannian local decompozable structure (F,G), with the associ-
ated pseudo-Riemannian local decompozable structure (F,G’).

2) A symplectic local product structure (F,€2), with the associated sym-
plectic structure €.

3) Two Kahlerian structures (J,G), (J/,G), with the associated sym-
plectic structures €2, € respectively.

4) Two indefinite Kéhlerian structures (J,G’), (J',G') with the associ-
ated symplectic structures ', Q respectively.

4. Compatible connections with the Riemannian apbc-structure

(F, J,J',G)

Definition 4.1. A connection D on E is compatible with the Rieman-
nian apbc-structure (F,J,J', G) iff

(4.1) DF =DJ =DJ =DG = 0.



7 A PRODUCT BICOMPLEX STRUCTURE 321

Then one has also
(4.2) DG =DO =D =0.

We are interested in certain particular compatible connections on FE,
which are related with some connections on M and . To a pair (V, D) of
connections on M and £ one associates a connection D on FE, called the
diagonal lift of the pair (V, D), (see, [4]), given by

(4.3)  DxnYh = (VxY)', Dynu’ = (Dxu)’, DpX" = Dyov® = 0.

For the non-vanishing components of the torsion 7 and the curvature R of
the connection D, we have

T(X"Yh) =TV(X, V)" + YRRy, RxnynZ" = (RY 2)",

4.4
(44) Rynynu®’ = (RYyu)v.

For the covariant derivative of the tensors F, J, J',G,G’,€, ' one obtains

DF =0;
Dxnd = (Vx )" + (Dxp)", DuwJ = 0;
Dxnd' = (Vx )" = (Dx¢)", Dy’ = 0;
DxnG = (Vx9)" + (Dx9)", Dur G = 0;
DxnG' = (Vxg)" = (Dx¢)", Dy G’ = 0;
DxnQ = (Vxw)" + (Dx7)?, Dy = 0;
DnQ = (Vxw) — (Dx7)?, Do = 0.

From here it follows

Proposition 4.1. If D is the diagonal lift on E of the pair of connections
(V,D) on M and &, then
1) DF = 0 always,
2)DJ=DJ =0if Vf =Dy =0,
3) DG = DG =0 iff Vg = Dy = 0,
4) DO = DY =0 iff Vw = DT = 0.

(4.6)
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5) D is compatible with the Riemannian apbe-structure (F,J,J',G) on
E, iff V is compatible with the structure (f,g) on M and D is compatible
with the structure (¢, ) on &.

Now, let V be the Levi-Civita connection of g and D a connection on
&, that is compatible with ¢ and ¢ (see [3]). In this case, we obtain

DF =0; Dynd =DxnJ = (Vxf)h,
DywJ =Dy J' =0, DG = DG’ =0,
(4.7) DnQ=Dxn = (Vxw)?, Dy =Dy = 0;
T(X"Y") = vRRy, RynynZ" = (RXy 2)",
Rxnynu’ = (RRyu)”.

From here we obtain

Theorem 4.1. If V is the Levi-Civita connection for g on M and D
a connection compatible with ¢ and ¥ on &, then the diagonal lift D of the
pair (V, D) is compatible with the Riemannian apbe-structure (F,J,J', G)
iff Vf =0, i.e. the structure (f,g) on M is Kahlerian. Further, D coincide
with the Levi-Civita connection of G, i.e. T =0, iff we have also RP = 0,
hence the connection D on £ is flat.

In this case, the structures F, J, J',Q, ) are integrable and one obtains
the results of the Theorem 3.1.

Another important particular case is that in which (f,g) is a Hermitian
structure on M, V is the Hermitian connection of the structure (f,g) [5]
and D is a connection on &, that is compatible with ¢ and . Then, one
has

(48) Ny=0,Vf=Vg=0, TV(fX,Y) =TY(X, fY), Dp = D) = 0.

We want to know, in this case, when (J, G) is a Hermitian structure on
E and the diagonal lift D of the pair (V, D) is the Hermitian connection
for this structure. From (4.8) and Proposition 3.1 it follows N; = 0 iff

(4.9) R][”)XfY —RRy — o (R?XY + R)’%fY) = 0.

After that from (4.7) one obtains that the diagonal lift D of the pair (V, D)
is the Hermitian connection for (J, G) iff
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From (4.9) and (4.10) it follows
(4.11) R?XY =go R)lgy-

Similarly, considering the same problem for the structure (J',G), we
obtain

(4.12) Rfyy = —¢ o R%y.
Finally, we have

Theorem 4.2. IfV is the Hermitian connection for a Hermitian struc-
ture (f,g) on M, D a connection on & compatible with a Hermitian struc-
ture (p,) on & and (F,J,J',G) is the Riemannian apbc-structure on E,
obtained by lifting (f,g) and (p,1)) with the help of D, then:

1) The structure (J,G), (resp. (J',G)) on E is Hermitian and the diag-
onal lift D of the pair (V, D) is the Hermitian connection for this structure,
iff R]’?XY = o RY,., (resp. R?XY = —poRY,).

2) The structures (J,G) and (J',G) on E are simultaneously Hermitian
and the diagonal lift of the pair (V, D) is their Hermitian connection iff
RP =o.

In the last case, 7 = 0 and so D coincides with the Levi-Civita con-
nection of G. Hence the structures F,.J, J', Q,Q are integrable and so one
obtains again the results of the Theorem 3.1.
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