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The structure of Lie algebra bundles is very important and much studied, in the last time,
especially for its applications in the Theoretical Physics [1], [3]-[5]. The purpose of this work is to
present some properties of derivations and linear connections, compatible with such a structure.

1. Definition of the Lie algebra bundle

For a paracompact and connected differentiable manifold M, of class C*°, let F(M) be the ring
of real functions, DL (M) the F(M )-module of tensor fields of type (r,s) and D(M) the tensorial
algebra. For a vector bundle £ = (E, m, M), we denote by DL(M, E) the F(M)-module of tensor
fields of type (r,s) and by D(M, E) its tensorial algebra. :

Definition 1. A Lie algebra vector bundle is a vector bundle £ = (E, 7, M) equiped with a tensor
field C € DY(M, E), which is skew-symmetric and satisfies the Jacobi identity, that is:

Clu,v) + C(v,u) = 0,

(1) C(u, Clv,w)) + C(v,C(w, u)) + C(w,C(u,v)) =0,
Vu,v,w € DY(M, E).

Setting for each x € M and u,, v, € E,,

<2) {uz~ 7J:L‘} = Cz(uxa Uz)a

we obtain a IR-Lie algebra structure on the fibre E,, with C, as structural tensor. Putting then,
for u,v € DY(M, E)

(3) {u,v} = Clu,v),

we obtain a F(M)-Lie algebra structure on the module D}(M, E), denoted by D (M, E, C). The
vector field {u, v} is called the Lie product or the bracket of u and v.

A Lie algebra vector bundle is called a Lie algebra bundle if there exists a IR-Lie algebra L
and for each zg € M a vectorial chart (U4, o, L) such that for any z € U, the map t, : L — E,
given by t,(7) = ¢ *(z,7), is a Lie algebra isomorphism. It follows that for a basis {(,} C L,
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a =1,2,..,r = rank L and the corresponding basis {e.()} = {tz(ls)} C E,, one obtains the
structure equations

(4) {ep(z), ec(@)} = Chralx), bc=1,2,...,1,

where Cg, are constant on U. In this case all the fibres of { are isomorphic to L as Lie algebras.
Exemple. Considering the bundle of tensors of type (1,1) on § and setting

(5) S, T] =80T ~ToS, VST eDi(M,E),

one obtains on this bundle a structure of Lie algebra bundle with gf(n : IR) as typical fibre.

2. Derivations compatible with the bracket

By a derivation in the vector bundle { = (E, T, M), we shall understand a IR—derivation in the
tensorial algebra D(M, E) which preserves the type and commutes with the contractions. It
is uniquely determined by its values on F(M) and Dg(M, E). The set of these derivations is
denoted by Der(M,E) and it is a F(M)-module and a IR-Lie algebra. For every derivation
D € Der(M, E), we shall denote by res”(D) its restriction to Dy (M, E). In particular, resd(D) is
a vector field on M. There is an isomorphism between the algebra Dl( M, E) and the subalgebra
of the drivations on € with the restriction to DJ(M, E) = F(M) equal to zero. This isomorphism
associates to each S € DY(M, E) the derivation D = i(S) given by i(S)(f) =0, f € F(M) and
i(S)(u) = S(u), u € DM, E). If € = (E, 7, M,C) is a Lie algebra vector bundle, then setting for
each u € DM, E,C)

(6) ady,(v) = {u, v},

it comes out that ad, is a tensor field of type (1,1) on £ and that the map ad : DYM,E,C) —
DY(M, E) is a F(M)-Lie algebra morphism. The kernel of ad is the center K of D}(M, E,C) and
its image is an ideal in D} (M, E), which is isomorphic to the factor algebra D{(M, E,C)/K.

Definition 2. One says that a derivation D € Der(M, E) is compatible with the bracket on the
Lie algebra vector bundle € = (E, m, M, C) if it is a derivation in the R-Lie algebra D{(M, E, C).

In other words D € Der(M, E) is compatible with the bracket on & if and only if
(7) D{u,v} = {Du,v} + {u, Dv}, Yu,v € Dy(M, E).
It follows from here

Proposition 1. A derivation D € Der(M, E) is compatible with the bracket on the Lie algebra
vector bundle & = (E,m, M, C) if and only if the derivative of the structural tensor field C is zero,

(8) DC = 0.
Remark 1. The set Der(M, E,C) of the derivations compatible with the bracket on & is a
F(M)-submodule and a IR-Lie subalgebra in Der(M, E).

Remark 2. The set i(D}(M, E, C) of the derivations of the form D = (), with S € Di(M, E),
compatible with the bracket on &, is a F(M)-submodule and a subalgebra of Der(M, E,C).
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Remark 3. All derivations of the form D = i(ad,) with u € D}(M, E), called inner derivations,
are compatible with the bracket on £ and their set In(D}(M, E,C)) = Im(i o ad) is a F(M)-
submodule and an ideal in Der(M, E, C).

Exemple. Every derivation on the vector bundle £ = (F, 7, M) induces a derivation compatible
with the bracket on the Lie algebra bundle of tensors of type (1,1) on &.

3. Linear connections compatible with the bracket

A linear connection V in the bundle £ = (E, 7, M) may be defined as a map V : Di(M) —
Der(M, E) which is F(M)-linear and satisfies the condition

(9) TeSg oV = 1Dé(]\1')‘

To each linear connection V one associates the map R : Dy (M)xDE(M)xDE(M, E) — D{(M, E)
given by

(10) Rxyu=[Vx,Vylu—Vixyu, VXY € D§(M), u € Dy(M, E)
and called the curvature of the connection V. The set of linear connections in the bundle £ is a

F(M)-affine module [2], which we denote by C(M, E). Considering the exact sequence of F(M)-
modules
resd
20

(11) 0 — DY(M, E) - Der(M, E) =5 DL(M) — 0,

a linear connection V in the vector bundle ¢ is a right splitting for this sequence. It follows from
here

Proposition 2. Given a linear connection V in the vector bundle £ = (E,w, M), every derivation
D &€ Der(M, E) can be decomposed uniquely as follows

(12) D =i(S) + V.
where X =resy(D) and S =res}(D — Vy).

Hence, the connection V determines a decomposition of the F(M)-module Der(M, E) in the
direct sum

(13) Der(M, E) = i(D} (M, E) & V(Dy(M)).
Considering two derivations Dy, Dy € Der(M, E) and setting

(14) Dy =14(S1) + Vx,, Dy=1i(S2)+ Vx,,

one obtains for their bracket,

(15) [D1, Dy] = i([S1, Sa] + Vx,5 — Vx, 51 + Rx,x0) + Vix,.xa)
This formula suggests us to consider the F (A )-linear map

res; oV : Dy(M) — Der Di (M, E)
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and from the identity

(16) Vx,Vy]S = Vixy)S = [Rxy,S], X,)Y € Dy(M), S € Di(M, E),
we obtain

Proposition 3. The map resi oV is a Lie algebra morphism if and only if

(17) R=a®l,

where a is a 2—form on M and I is the identical automorphism of §.

In this case, we can consider the semidirect product of R-Lie algebras

DM, E) X DY(M),

resioV

defining the bracket by
(18) [(S1, X1), (S2, X2)] = ([S1, S2] + VX, 82 — Vi, 51, [ X1, X)),

Then, from the formula (15), we obtain

Proposition 4. The map i x V : D} (M, E) X D{(M)— Der(M, E), given by

resioV
(19) (1 x V)(S,X) =1i(S)+ Vx,
is a Lie algebra isomorphism if and only if the connection V has zero curvature.

Remark 4. Only in this case, the connection V is a splitting of the sequence (11) regarded as a
Lie algebras exact sequence.

Definition 3. One says that a linear connection V in the Lie algebra vector bundle £ =
(E,m,M,C) is compatible with the bracket if for each X € Dj(M) the derivation Vy is in
Der(M,E,C).

From Proposition 1 it follows

Proposition 5. The linear connection V in the Lie algebra vector bundle & = (E, 7, M,C) is
compatible with the bracket if and only if

(20) VyC =0, VX €DiM).

For this condition we may give the following geometrical characterization

Proposition 6. The linear connection V in the Lie algebra vector bundle £ is compatible with
the bracket if and only if for each curve on the manifold M, the parallel transport, defined by V,
establishes a Lie algebra isomorphism between the fibres of £ along the curve.

Using the partition of unity and the formula (4) one obtains

Proposition 7. Every Lie algebra bundle admits a linear connection compatible with the bracket.
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Conversely, from Proposition 6, it follows that any Lie algebra vector bundle which admits a
linear connection, compatible with the bracket, is a Lie algebra bundle.
The set of these connections is a F(M )-affine submodule of C(M, E) denoted by C(M, E, C).

Exemple. Every linear connection in a vector bundle £ = (E, 7, M) induces a linear connection,
compatible with the bracket, in the Lie algebra bundle of tensors of type (1,1) on &.

Remark. If V is a linear connection compatible with the bracket, in the Lie algebra bundle
&= (E,m,M,C), then from the formula (17) it follows that the sequence of F(A/)-modules

resd

(21) 0 — DY(M, E,C) - Der(M, E,C) =5 D}(M) — 0

is an exact one and that every linear connection V' € C(M, E,C) is a right splitting of this
sequence.

IfVeC(ME,C)and S € D{(M, E,C), then from
(22) VxS =[Vx,S]
it follows that VxS € D} (M, E,C). Hence from Proposition 4, one obtains

Proposition 8. The map

ix V :DYM, E,C) X DLYM)— Der(M,E,C),

resiov
where V € C(M, E.C), is a Lie algebra isomorphism if and only if the curvature of V is zero.
Let now Dy and D, be two derivations of the form
(23) D, =i(ady,) + Vx,, Dy=ilady,)+ Vx,,
where V € C(M, E, C). Then, we have from (15)

(24> [Dlv DQ} =1 (ad({ul~u2}+V.\'1UQ*Vx21L1) + RX1X2> + V[X1~X2]'

Considering the map resf o V : D} (M) — Der D{(M, E, C), from (10) it follows that it is a Lie
algebra morphism if and only ifR = 0. In this case we can consider the semidirect product of Lie

algebras D} (M, E,C) X D}(M) with the bracket defined by

resjoV
(25) [(u1, X1), (w2, Xa)] = ({ur, u2} + Vix,uz = Vixus, [X3, Xo]) .
Then, from the formula (24) it follows

Proposition 9. The map

(icad) x V : DY(M, E,C) X DY(M) — Der(M,E,C)

rsséov
given by
(26) ((ioad) x V)(u, X) = i{ad,) + Vyx,

where V € C(M, E, C) is a Lie algebra isomorphism if and only ifV has zero curvature.
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The kernel of the morphism (i o ad) x V is K x {0} C D§(M, E,C) x Dg(M). Considering the
factor Lie algebra DY(M, E,C)/K and setting

(27) Vyi=Vxu, VaeDy(ME,C)K,
one obtains a derivation on this algebra.

Then, taking the map V : D}(M) — Der(Dy(M, E,C)/K) given by the rule X — Vx,
from the formula

) ¥, )i = Ty = Ty =,

it follows that it is a Lie algebras morphism. Hence, we can consider the semidirect product of

Lie algebras D}(M, E,C)/K X DY(M), with the bracket
v

(29) (@, X1), (2, X2)] = ({@n, @2} + Vx, o= Vi, i, [X1, Xa]) -
Setting

(30) ad () = ad,v, Vi,v € Dy(M,E,C)/K.

it results

Proposition 10. If there is on the Lie algebra bundle § = (E,x,M,C) a linear connection V of
zero curvature, which is compatible with the bracket, then the map

((i 0 ad*) x V) : DY(M, E,C)/K XDj(M) — Im((i o ad) x V)
v

is a Lie algebras isomorphism.
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