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1. Introduction-

In a previous paper [1], we have determined the structure of certain geometrical objects on the
total space of the tangent bundle, invariant by the homothety group of the bundle. The relation
of these objects with the complete and horizontal lifts for certain objects on the base space were
established. The aim of this work is to extend some from those considerations to a general vector
bundle. We deal with the vector fields on the total space of a vector bundle which are invariant by
the homothety group of the bundle. The set of these fields is a Lie algebra, isomorphic with the
Lie algebra of the derivations in the tensor algebra of the considered vector bundle. In particular,
if on the vector bundle ¢ there exists a flat linear connection, then the Lie algebra of h-invariant
vector fields is isomorphic with a certain semidirect product of the Lie algebra of vector fields on
the base space by that of tensor fields of type (1,1) on the vector bundle &.

2. Definitions and notations

Let be € = (E,m, M) a C>-vector bundle [4], with total space E, projection 7 and base space
M, connected and paracompact. Let be in adapted charts on M, £ and E, the local coordinates
(z%), (y), (2%, y*) respectively and the corresponding bases (8;), (e4), (8;,8,), where §; = 9/0z",
Oy = 0/0y*, 1,5,k =1,2,....,m, a,b,c = 1,2, ...,n. Setting for each z = (z,y) € E, V,E = KerT,7,
we obtain the vertical distribution and so, the vertical subbundle of TE denoted by VE. Let
F(M) be the ring of C*®-real functions on M and f* = fom, for any f € F(M). The set
F(M)* = {f"| f € F(M)} is a subring of F(E), isomorphic with F(M). Let then 7P(M) and
T (M) be the F(M)-module of tensor fields of type (p, ¢) and the tensor algebra of A/. We denote
by TF(€) and T (§) the F (M )-module of tensor fields of type (p, q) and the F(M)-tensor algebra
of the bundle &.

Definition 2.1. A vector field A on the total space E of the vector bundle ¢ is projectable [5] if
there exists a vector field X on the base space M so that Tw(A) = X.

Such a vector field has the local expression A4 = A¥(2)d; + A%(z,y)d,. It is easy to see that a
projectable vector field may be characterized by the following property:

Proposition 2.1. A wvector field A on the total space E of the vector bundle £ is projectable if
and only if the Lie derivative L preserves the subbundle VT (§) of vertical vector fields on E.
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The set P!(E) of projectable vector fields on E is a F(M)-Lie algebra, which is a IR-subalgebra
of TY(E). Setting for each 1-form u € T;(€), given locally by p(x) = p(x)e?,

(1) Y()(2) = pa(@)y”,

where z = (x,y) € E, we obtain a class of functions on E with the property that every vector
field A € TY(E) is uniquely determined by its values on the functions of this type.

Definition 2.2. The canonical vector field on the total space E is the vector field K given by

(2) K(yu) = yp, Yo € To(§).

It has the local expression K(z) = y%0,.
The mapping v may be extended to tensor fields S € 7*(€) by

3) ¥S(yu) = v(po S), Yu € Ti(§).

If S has the local expression S(z) = S¢(z)e, ® €*, then vS(z) = S¢(z)y*d, that is, 7S is a vertical
vector field on E. Setting S = I, the identical automorphism of £, we obtain a new characterization
for the canonical vector field

(4) K =~(I).
Definition 2.3. The vertical lift of a section u € T1(£) is the vertical vector field on E given by
(5) u’(yp) = p(w)?, Y € Ti(€).

If u has the local expression u(z) = u®(x)e,, then u’(z) = u*(z)0,.

Remark 2.1. The vertical lift may be considered as a natural isomorphism v:n* E=Ex y,y F—VE
given by v(z,u) = u¥(2).

For the vertical lift and the mapping v we notice the properties:
(6) (fu+gv)* = frul + g, [u¥, 0] = 0, L’ = —u", [yS,7T) = 41T, S|

where f,g € F(M), u,v € T*(&), S,T € TA(&).

3. h-Invariant vector fields on E and derivations in £

Definition 3.1. The homothety group of the vector bundle £ is the 1-parameter group of trans-
formations on E given by

(7) hi(z,y) = (x,ty), V(z,y) € E, t € R,

Definition 3.2. A h-invariant vector field is a vector field on E which is invariant by the
homotheties of €.

It is easy to see that the vector field generated by the homothety group of £ is the canonical
vector field K and so it follows [2].

Proposition 3.1. A vector field A € T*(E) is h-invariant if and only if

(8) LxA=0.
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Setting locally, A(z) = Az, y)0; + A%z, y)0,, we get

A 0A®
9 A=—1'), P — A9,
) cea=Svet (G - )

and therefore we obtain:

Proposition 3.2. A vector field A € TY(E) is h-invariant if and only if its local coordinates are
given by

(10) Al = Al(z), A® = Al(z)y".
Remark 3.2. Every h-invariant vector field is projectable.

Taking into account the law of transformation for the coordinates of a vector field on £ under
the change of coordinates, given by

(11) . o =¥ (Y, y¥ = MY (2)y®,
we obtain for A? and A¢

v 407 : OM{
(12) A :Alé%, A =AM MY + AN,

On the other hand, considering a derivation D in the tensor algebra 7 (£), which preserves the
type and commutes with the contractions and setting in the corresponding chart on &,

(13) D(@') = D', Dles) = Diea,
we obtain to the change of the chart

M : : OME
(14) DY = DZ%%, D = DEME M, — D axf; M.
From (12) and (14), it follows that setting
(15) A= D', A = -Df,

we obtain a bijection between the set Der7 (£) of the derivations in the tensor algebra 7 (¢) and the
set H!(E) of the h-invariant vector fields on E. By this bijection, to a derivation D = iS5 defined by
a tensor field S € T;}(€) it corresponds the vertical h-invariant vector field A = —S € VH!(E).
From (15) it results that the bijection between Der 7 (£) and ‘H(E), which associates to the
derivation D the h-invariant vector field A, is given, in an invariant form, by

(16) A(yp) =~(Dp), Vi€ Ti(§).
Thus, we can give the following

Definition 3.3. The complet lift of a derivation D € Der 7 (¢) is the h-invariant vector field
D¢ = A € HY(E) given by the formula (16).

From (16) we obtain for the complet lift ¢ : Der 7 (£) — H*(F) the following properties:

De(fY) = (Df)Y, (AD1+ foDo)° = fiDf + [ D5,
(1) Dy, Doff = (D%, D, (18)° = 8, [i8,iTJ* = 5[T, 5,
{Dc’ I{] =0, [DC7UT] = (DU)L [Dc’ AIS] = 7/(DS)

Summarizing, we have

Theorem 3.1. (i) H*(E) is a Lie subalgebra of P'(E).
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(i) The complete lift ¢ : Der T(€) — HY(E) is an isomorphism of IR-Lie algebras, which
carries the ideal i(T}(€)) in VH(E).

Remark 3.3. Denoting by res) the map which associates to each derivation D € Der T (§) its
restriction to 7P (€), we obtain the following commutative diagram

(18) VHY(E) —— H(E)
Tr
0 / 1 c $71(M)
i((TH(€)) —=Der T(€)

4. Linear connections and derivations on &

Let be V a linear connection on the vector bundle £ considered as a F(M)-linear mapping
V : T (M) — Der T (€), which satisfies the property (resjoV)(X) = X, for each X € T*(AM).

Definition 4.1. The horizontal lift of a vector field X € T1(M), with respect to linear connection
V on &, is the h-invariant vector field X* on E, given by

(19) XM = (Vy)-
From (16) we obtain

Proposition 4.1. The horizontal lift of the vector field XinT*(M), with respect to linear con-
nection V on &, is the vector field X" € H(E) given by

(20) X" (yu) = v(Vxp), Vp e T(6).
We notice the following properties of the horizontal lift:

XA = (X )5 (fX +gY )= fX 4 VI XM Y= [X, Y]~y Rxy

(21) Xt = (Vu)?, [XF, K] = 0, (X%, 7S] = 7V xS,

where R is the curvature of V.
Considering a linear connection V on ¢ as a splitting for the following exact sequence of

F(M)-modules

0
reao

(22) 0— i(T'(€)) = Der T() - TH(M) — 0,

we obtain that each D € Der 7 (£) may be uniquely decomposed in the form
(23) D =Vx +1i(5),

where X = res)(D) and S = res{(D — Vx). It follows
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Proposition 4.2. Given a linear connection V on the vector bundle &, the map V x i : T*(M) x
T'(&) — Der T(£) given by

(24) V xi(X,5)=Vx+i(9),
is an isomorphism of F(M)-modules.

Considering two derivations D, =V x, +i(S,), a=1,2, we obtain from (23)
(25) [Dy, Do) = Vix;.x5) + 1([S1, S2) + Vx, 52 = Vx, 51+ Rx x,)-

Therefore, the map V X ¢ is not an isomorphism between the direct product of Lie algebras
TY(M) x T2(€) and Der T(£). Let us suppose that there exists a semidirect product of Lie
algebras 7'(M) and 73(€), given by a morphism p : T'(M) — Der T}(£) so that
V xi: TYM) x, T}(¢) — DerT(£) to becomes an isomorphism. From the definition of
the semidirect product, we must have

(26) [(X1,51), (X2, S2)] = ([X1, Xa], [S1, Sa] + px,S2 — px,51).

Then V x i being an isomorphism, one has

(27) (V x i) ([(X1, $1), (X2, 52)]) = [D1, Dsl.

Thus, taking into account (26),(24) and (25), we obtain

px,S2 — pxaS1 = Vi, S2 = Vx, 81 + Ry, x,, VX1, Xo € THAM), 51, S, € T(€).

Setting here S; = Sy = 0, it follows R = 0. Next, putting S; = 0, we get px,S2 = Vx,So,
VX, € TY (M), Sy € TH(E), that is

(28) p=resioV.

From R = 0, it results that p, given by this formula, is a morphism of Lie algebras. We have
obtained

Proposition 4.3. Given a linear connection V on the vector bundle &, the map V x i : T*(M) %,

T(E) — Der T (€), defined by (24) is an isomorphism of Lie algebras if and only if ¥V is flat and
ol

p=res;oV.

Considering now a derivation D € Der T (€), given by (24) and taking its complete lift, we
obtain

(29) D¢ =X"—~S, X e THM), S €T ).

It follows from here

Proposition 4.4. Given a linear connection ¥V on the vector bundle &, every h-invariant vector
field A € HY(E) can be uniquely decomposed in the form (2.9) and the map h x (—v) : T*(M) x
71(§) — H(E). given by

(30) (h % (—))(X,$) = X* =18,

is an isomorphism of F(M)-modules.



Finally, taking into account the two last propositions, we get

Theorem 4.1. Given a linear connection ¥V on the vector bundle €, the map h x (=7v) =
o (V xi): THM) x, T}E) — HYE) is an isomorphism of Lie algebra if and only if V
is flat and p = resj o V.

Remark 4.1. Considering a linear connection V on &, the sequences

VHYE )——)H (E)

e \
N

(31) 0 TYM) —0

i(T(€)) = Der T (€)

are generally splitting exact sequences of F (M )-modules with the right splittings h : 7'(M) —
HY(E) and V : T}(M) — Der T (§). They are splitting exact sequences of IR-Lie algebras if and
only if the connection V is flat.

Remark 4.2. From the diagram (31) it follows ¢ © V = h. Because c is a bijection one has
V = ¢7! o h. Thus, we obtain a new definition for a linear connection on a vector bundle.

Definition 4.2. A linear connection on the vector bundle £ = (E, 7, M) is a right splitting h for
the short sequence of F(Af)-modules

Tnm

0 — VHYE) - HI(E)? TY(M) — 0.
For the associated covariant derivation we obtain from (17)
Vxu = v (X)), u’], ¥X € TH(M), ue T'(E).

Remark 4.3. Associating to each h-invariant vector field A = D¢, the Lie derivative L4, we may
consider the complete lift ¢ as a mapping from Der T () to Der T (E) or to Der VT (E).

Remark 4.4. If ¢ is the tangent bundle of M, then T'(§) = T'(M) is a Lie algebra and so we
may associate in a canonical manner, to a vector field X € T*(M), the Lie derivative Lx. Then,
the complete lift (Lx)C is a h-invariant vector field on E = T'M, called the complete lift of X and
denoted by X¢. Therefore, the possibility for defining the complete lift X¢ for a vector field X on
the tangent bundle is the consequence of the fact that 7*(M) is a Lie algebra.
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